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ABSTRACT
We derive for Hecke~-Maass cusp forms on the full modular group a relation
between the sum of the form at Heegner points (and integrals over Heegner
cycles) and the product of two Fourier coefficients of a corresponding form
of half-integral weight. Specializing to certain cycles we obtain the non-
negativity of the L-function of such a form at the center of the critical strip.
These results generalize similar formulae known for holomorphic forms.

0. Introduction

In a somewhat neglected paper [M] Maass discovered that the sum of a Maass
cusp form ¢ over the “Heegner points” of a given discriminant d is equal to the
dth Fourier coefficient of a Maass form of %-integral weight. See also more recent
work of Hejhal [H]. Later after Shimura’s fundamental paper [S] on }-integral
weight forms, Shintani [Sh], Niwa [N], Waldspurger [W], Kohnen [Kol], {Ko2]
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and Kohnen and Zagier [KoZ] studied this phenomenon for holomorphic forms.
In particular, it was found that the constant of proportionality (after suitable
normalizations) in the above relation is also a Fourier coefficient! Our purpose in
this paper is to return to the Maass case and develop a precise form of the identity
in the non-holomorphic case. Qur result has a number of applications. Firstly
to the equidistribution of the Heegner points. Following the analysis in Duke [D]
one can use the precise form to develop sharp forms of equidistribution. Secondly
we prove that the L-function of a Maass—Hecke cusp form for I' = SL;(Z) is non-
negative at the center of its critical strip. Note that this non-trivial fact follows
immediately from the Riemann Hypothesis for the L-function. The analogous
result in the holomorphic case is due to Waldspurger (W] and Kohnen-Zagier
[KoZ).

The new identity may be viewed as an extension to Maass cusp forms of a
well-known relation for Eisenstein series.

Let I’ = SL3(Z) denote the modular group. It acts on integral binary quadratic
forms az? + bry + cy? in the usual way and leaves the discriminant d = b —
4ac invariant. For a fixed d = 0,1 (mod4) let As denote a complete set of T
inequivalent forms of discriminant d. If d < 0 we associate to each az? + bry+cy?
the point z € $ = {z| Im(z) > 0}, 2 = :%@. In this way we get h(d) = |A4]
points in I'\$ which we refer to as the Heegner points of discriminant d (these will
also be denoted by Ag). We shall denote the sum over Heegner points weighted
by one over the order of the stabilizer by Z:e A, Similarly if d > 0 we obtain
geodesic cycles in I'\$) which we refer to as Heegner cycles.

The Eisenstein series for T is defined by

vl

(0.1) E(z,3) = —— z=u+iv €SN
g‘ |mz + n|2e

Let x4 be the Dirichlet character x4(n) = (£) where () is the Kronecker symbol
[S]. For d a fundamental discriminant (say d < 0) the following is well known:

(0.2) 3" "E(z,5) = ((s)L(s,xa)
2€A¢
where
(0.3) ¢(s) = in", Lis,xa)= Y Xin(l‘l

n=1 n=1
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Now the right hand side in (0.2) may be interpreted as a product of the first
and the dth Fourier coefficients of the Eisenstein series of }-integral weight [GH].
From this point of view our identity generalizes (0.2) with E(z, s) being replaced
by a Maass cusp form.

Let

U=L,T\H)={f: H>C|f(yz)=f(z) foryeT,

o [ S <o, [ s )de =0 tor ac. 3)
M\H 0

Then U is a Hilbert space with the obvious inner product (,); it is invariant
by the actions of the Laplace operator /g = yz(ﬂ- + —,-) and by the Hecke
operators Tp,, m = 2,3,... (see §1). These operators commute and there is an
orthogonal basis of U consisting of simultaneous eigenforms for A¢ and T},. Such
eigenforms will be called Maass—Hecke forms.

Similarly we introduce a Hilbert space

"Lzusp(ro(‘i)\ﬁ J)
(0.5) ={f: 5 — C| f(v2) = J(,2)f(2) for v € To(4),
f cuspidal and square integrable}.

Here I'o(4) = {y € Ty = [c d] , 4lc}, J(v,2) = W?l’ 8(z) = y'/46,(2) =

y /4% . e(n?z) with the usual abbreviation e(z) = €™, and cuspidal means
the zeroth Fourier coefficient is 0 in each of the 3 cusps of I'y(4)\H. This time the
Laplacian A;/; and Hecke operators T2, p # 2 leave V invariant, are self-adjoint

and commute with each other. Here

i & 1, 0

e e ) — Sy
(0.6) Bipp=y (33:2 t 3y2) 2oz
The linear operators 72 and ¢ map V — V where

1/2
(0.7) 7 F(z) = e'"“(' I) F(-1/4z),
z4v
(0.8) oF(z) = Y= Z F( ; )
vmod 4

If L = 730 then L: V — V is in fact self-adjoint and commutes with 4, /; and
T,2. Thus we can find an orthonormal basis of V' of simultaneous eigenforms
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F\,F,,... of L,Ay3, Ty, p # 2. The subspace V* of V on which LF = F will
play a central and similar role to Kohnen’s space Sﬁl_:l /2 [Kol]. The Fj’s are
Maass forms of weight 1.

Maass forms in U or V are invariant by z — 2 + 1 and so have Fourier devel-

opments. From the differential equation

(0.9) Aef+Af=0, k=0 or % (the “weight”)
and the fact that f is square integrable one finds a development of the form
(0.10) £(2) =Y Hn)Wa g (my ir(47Inly)e(nz)

n#0

where 1 +r? = X and W is the usual Whittaker function [MO] which is normalized
so that

(0.11) We u(y) ~ e"/zyﬁ as y — 0o.

The numbers b(n) above are uniquely determined and called the Fourier
coefficients of f. We will denote the Fourier coefficients of the weight } eigen-
basis Fj by pj(n).

Concerning a non-zero Maass—Hecke eigenform ¢ of weight 0 (i.e. in U) we
can (by Proposition 1.2) and will always normalize ¢ so that its first coefficient
b(1) = 1—we call this Hecke normalized. The L-function associated with a
Maass form ¢ € U is defined by

(0.13) o)=Y 2,

n=1

where b(n) are Fourier coefficients of ¢.
Given one of the Fj’s€ V we define

———dudv

sy = [ FEBED
To(4\9 v
where ©(z,w) is the Siegel’s O-function discussed in §2. Then by Proposition
4.1,9 € U. If pj(1) = 0, ¢ = 0; while if p;(1) # 0, it is a Maass~Hecke eigenform

and hence can be Hecke normalized. Such a Hecke normalized form ¢ € U will
be called the Shimura lift of F; and will be denoted by Shim (Fj):

(0.14) ¢ £ Shim(Fy) = ¥ a(n)Wo zir; (47lnly)e(nc)
n# 0
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where Aj = ¢ +r2 (for Fj). It is an even form (i.e. a(—n) = a(n)) and its Fourier

coefficients satlsfy

(015) e+ D)3 B0 - )Y atmn.

n=1 n=1

We can now state the Theorem.

THEOREM: Let ¢ be an even Hecke normalized Maass cusp form in U then
(i) fd<0

016) —— @ =21rld Y pi(@pi(D).

(2 0) ez, Shim(F})=¢
(i) FFd>0
(0.17) Z / pds = 120124 N pi(d)p;(D),
) ders Shim(F})=¢

where ds is the hyperbolic arc length.

Some remarks concerning the Theorem are the following.

(a) The sum on the right hand side (hence-forth the spectral side) is finite. It
is over an orthonormal basis of the finite dimensional subspace of V* consisting
of F’s whose Tp: eigenvalues and 4, /; eigenvalue correspond via (0.15) to those
Hecke eigenvalues T, (p # 2) of ¢ and Laplace eigenvalue. The sum in question
is clearly independent of the orthonormal basis chosen. One could check using
the trace formula whether the space of such Fj’s is 1-dimensional, but we have
not done so.

(b) In the form we have stated (0.16), it clearly gives the promised generaliza-
tion of (0.2).

(c) f d =1 then A, consists of the single form zy, the corresponding cycle is
the geodesic [0,ic0], and (0.17) yields
(0.18) — [T oi)® = 1202 (D?

. JACC SRt S Y

<$e> Shim(F;)=¢
Hence by Proposition 1.3 with s =0

-1/2p 1/24+2ir T 1/2=2ir L 1
P ACEEINCTER ) _ gy > lesP
<Py > Shim(F})=¢

(0.19)

where L(yp, 3) is the L-function of ¢ defined in (0.13). In particular, we have
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COROLLARY 1: If ¢ is an even Hecke normalized eigenform in U then
1
L(QO, 5) >0.

Note that if ¢ is odd then L(p,1) = 0 simply because of the sign of the

functional equation.
(d) If L(p,3) = 0 then the sum in the right-hand side of (0.19) is vacuous,

hence we have

COROLLARY 2: If L(, 1) = 0 then

Z ¢(z) =0 foralld<0,
2€Aq

E/w:o for all d < 0.
C€Aq c

(0.20)

Such cusp forms, if they exist, would lie in the space introduced by Zagier
2, (20)].

(e) In the holomorphic setting the analogue of the Theorem has been developed
in much greater generality, specifically, on the right-hand side two general coeffi-
cients p;(d)p;(d') are allowed as well as forms on congruence subgroups I'g(NV),
see [Ko2], [S] and Shimura’s recent paper [S2] where the holomorphic version of
(0.19) is derived in great generality including Hilbert modular forms. It would
be interesting to give such extensions of the above Theorem. Our interest in this
formula, however, was primarily in connection with the class numbers A(d) = |A4]
(and the corresponding location of these C.M. points) which is the case captured
by the Theorem.

An outline of the paper is as follows. In §1 we review some results about Maass
forms and Hecke operators. In §2 we introduce the Theta function of Siegel which
is central in our analysis. In §3 we compute the left hand side of (0.16) and (0.17)
(hence-forth known as the geometric side). In §4 the key proportionality constant
on the spectral side is derived using a technique of Niwa. Finally, in §5 we deduce
the identity.

1. Background: Maass cusp forms and Hecke operators

In this section we review some facts about Maass cusp forms and Hecke operators.

The Hecke operators Tp: U — U are defined by the following formula for all
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primes p:
n
(L1 Typ(e) = Y {p"/%b(np) + 57/%( ) }Wourldmnly)e(na).
n#0 p
(As usual, here and further we assume that b(t) = 0 if ¢ is not an integer.) The
following propositions follow as in the holomorphic setting, see e.g. [T], [AL].

PROPOSITION 1.1:
(i) {Tp} is a commuting family of linear self-adjoint operators T,: U — U.
(i) T, coincide with the Hecke operators introduced by Maass:

Typ(z) =p~'/2 (pz:‘i ¢ (5—:-1-) +9(p2)).

(ili) T, commute with the Laplacian A,.
(iv) There exists a basis of U, {¢;}, such that Top; = Xj(p)pj, Dop; =
2i(0)e;-
We shall refer to the following result as the Strong Multiplicity Theorem for
SL;(Z):

PROPOSITION 1.2: Let Uy be a subspace of U consisting of eigenfunctions of g
and T, for all but finitely many p. Then dim(Up) = 1. Moreover, if p € Uy, ¢ is
an eigenfunction for all Ty. If ¢(z) has the Fourier development

(1.2) o(2) = Y Hn)Woir(4nInly)e(nz),
n#0
then b(1) = 0 if and only if ¢ = 0.
PROPOSITION 1.3: If ¢ is an even Maass cusp form with eigenvalue equal to
—%—(2r)?, then

a [® ., ,d . s+1/242ir _ s+4+1/2-2ir 1
0(6) 2 [ i 2L = wmerap( A B I 040,

$)(s) is entire and (1 — s) = Q(s).

For each prime p # 2 introduce the Hecke operator T,2: V — V by the formula
—1/2("
T, F(z) =) {pb(npz) +p7/2 (;)b(n)
(1.3) n#0 n
+ p—lb(p_g) }W%sgn(n),ir(47r|n|y)e(nz)s
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where (%) is the quadratic residue symbol. Notice that this formula is consistent
with [S] and [Kol] if we take into account the difference between our definition
of the space V' and a definition of a space of cusp forms of %-integral weight
usually used in the holomorphic case [S]. The following proposition establishes
some properties of the Hecke operators T): and the operator L = 730 introduced
in the Introduction (see (0.7) and (0.8)); it follows from [S], [N1] and [Kol].

PROPOSITION 1.4:
(i) For p # 2, Tp: is a commuting family of linear self-adjoint operators
Tp:V V.
(i) Tp2 commute with Ay ,.
(iii) L is self-adjoint and satisfies the equation (L — 1)(L + ) = 0.

iv) T,2» commute with L.
?

2. O-liftings

We start with construction of ©-functions through the Weil representation [Sh],
[N]. Let R be an n-dimensional real vector space, and @ be an n x n rational
symmetric matrix with p > 0 positive and ¢ = n — p negative eigenvalues. Take
a lattice L in R and denote by L* the lattice dual to L in R:

L*={ze€R|(z,y) = 'zQy € Z foranyye€ L}.

We assume L* D L.
For .
o= [‘; d] € SLy(R)
and f(z) in L?(R), the Weil representation ¢ — r¢(o) is defined as follows:

(ro(a)f)(z)
(2.1) _ |“|"/26[g§é < z,z >|f(az) for c =0,
{ |c|_"/2\/MfR e["<”’>_2<;;">+d<l"l>]f(y)dy for ¢ # 0,

where e(z) = exp(2miz) as usual.
For any Schwartz function f € S(R) and any k € L*/L we define

05, k)= Y flz +4).

z€L
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Forz=u+iv € H, let

=[5 1)
z 0 1/\/6 y
and
(2.2) 8(z, £, k) = v /40(ro(a:) 1, k).

PROPOSITION 2.1 ([Sh]): Let

ve [j 3] € SLy(Z)
such that
(2.3) ab(z,z) = cd(z,z) =0(mod2) forallz€ L,
and suppose f satisfies e(k(8))ro(k(6))f = (cos§ — isin8)~*/2 f for all 6, where

cosf® sinf
k(6) = [—sina cose]’

K is a positive integer, and

-sgn(—sin 6) if0 0,
6(’0(9)) = {ﬁl—lgncos 9 ife z 0.

Then ifc# 0

\/Z(P'q)'s‘"’(cz + d)"‘/za('yz, b= E c(h,k)+6(z, f, k)
keL* /L

where

c(h, k)y =y/]det Q| vol(L) || ™/
alh +r,h+71) —2(k,h +r) + d(k, k)
Z € 2¢ ] )

r€Ll/cL

We apply this Proposition to obtain transformation formulae for certain 8-

functions.

(1) 01(2) = E:o=—oo e(nzz)'
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Letn=1,p=1,¢=0; Q =2, (z,y) = 2zy; L = Z; fi(z) = exp(—2wz?). Then
L* =Z/2, & =1, and (ro(0:)f1)(z) = v'/*exp(27iz?z). We have

8(z, f1,0) = B(ro(0:)f1,0) = v/ " ro(0.)fa(z +0) = Y e(z?2) = b1(2),

z€L z€Z
0z, f1,3) = Uro(0)fir ) = v T ro(on)ale +3)
z€L
- ;Ze((z +3)2) = ba(2).
Let
0 -1
2= [1 0 ] .

It satisfies (2.3), det@ = 2, and vol(L) = 1. Proposition 2.1 with f = f; yields
- _ 1 1
\/;z 1/20(722,f1,0) = E C(O, k).,,e(z, fl’k) =ﬁ(0(‘z’ fho) + e(z’flv '2')))

keL*/L
since ¢(0,k)y, = \715, and
- _ 1 1 1 1
\/;z 1/20(7227 fl, —) = Z c(—’ k)‘ho(zy flyk) = —(a(Z,fl,O) - o(zy fl’ _))’
2 2 7 2
keLl*/L
since ¢(3,0)y, = ‘712-, and ¢(},1),, = —715. These relations can be rewritten in
terms of 6, and 8, as follows:
61(122) = iV /221 227138, (2) + 6a(2)),
O2(ya2) = i71221/2271/%(9,(2) - 65(2)).
The transformation formulae under
0 -1
2= [2 02]

derived below, will be used in §4. We have

[t 3l

= O

hence

br(r22) = 61(12(42))

1
— =1/204,\1/20=1/2 : 2 . e,
=1"1%(42)1*2 ( Eezexp(Zmz 42) + Eezexp(21rz(z + 2) 4z))
z z

= ;~1/2,1/291/2 ( E exp(2mi(2z)%2) 4 E exp(2ri(2z + 1)22))
z€Z z€Z

=i1/2,1 291/ Zexp(%rizzz)
z€Z
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and we get
91(1'22) = Bl(z)i'1/2z1/221/2.

For §(z) = v'/46,(z) we obtain the formula

0(ry2) = o(z)e—inﬂ (lfl_)llz,

which can be rewritten using the notation (0.7) as follows:
(2.4) (120)(2) = 8(z) = v*/4(8,(42) + 82(42)).

Similarly,

b3(122) = 63(72(42))

1
= i7Y2(42)1227 V(N exp(2miz? - 4z) — Y exp(2mi(z + =)? - 4z
(42) (326; p( ) XE; p(2mi(z + 5)" - 42))

=i"1/2,1/291/2 (Eexp(Zni(Z:c)zz) - Zexp(27ri(2z + 1)2z)),
z€Z z€Z

and we get
0y(rp2) = i~1/2 51122112 (0, (42) ~ 6,(42)).

For 6,/2(z) = v'/402(z) we obtain
(2.5) (1261 /2)(2) = v'/4(81(42) — 62(42)).
(2)Letn=3,p=2,9=1,
0 0 -2
Q=2/0 1 o],
-2 0 0

(z,9) = '2Qy; L=ZDZLDZ, f3(x1,72,23) = exp(—2m(2z? + 23 + 222)). Then
L‘=%6)-27165%andn=1.
The group SL;(R) acts on R by g(z1,z2,z3) = (2,24, z}) where

(26) [ i z’2/2] =g[ T z2/2] -

/2 z2/2 x5

and on S(R?) by (¢f)(z) = f(¢7'(=)).
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For z € §) and g € SLz(R) we define

(2.7) 6(z,9,f, k) = 0(z,9f,k)

where the 6-function in the right hand side was defined in (2.2). Then

(ro(on)afi)(z) = ve[u 22 | ft/ig™(a)),
and
0(z,g,f3,0) = 0(z,gf3,0) = v—1/49(7'0(0'z)9f3a0)
=5 Y elu(z} - dr1za)l fab/y ™ (2)) = Oz, ).

z€Z?

The ©-function introduced above is in fact Siegel’s ©-function [Si]. More

0 0 -2
s=]0 1 o],
20 0

and Q(S) be the set of all real 3 x 3 matrices C such that

precisely, let

S[C] & '¢sc = s.

Since S has two positive and one negative eigenvalue, the group Q(S) = SO(2,1),
and it can be represented by 3 x 3 matrices as follows:

a? ab b?
(2.8) QS) = { 2ac ad+bc 2bd
c? ed &2

, where [‘: 2] GSLg(R)}.

Let H be the representation space of Q(S):
H={'H=H, H>0, HS"'H = S},

where Q(S) acts by H — H|[C].
Let z=u+iv € 5, H € H, and R = uS +ivH. Following Siegel [Si], we define

8(z, H) =vv Y e[R[h]] =vv ) ¥ RA,

hez® heZ?

Let
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It is easily seen that HoS™1Hy = S, i.e. Hy € H. Q(S) acts transitively on H,
hence any H € H can be written as H = Hy[C] for some C € Q(S). Taking into
account the isomorphism between SO(2, 1) and PSL;(R) given by (2.8) we define
for z € $ and g € SLy{R) (we slightly abuse notations using the same letter ¢
for the corresponding elements of SL;(R) and SO(2, 1))

8(z,9) = 8(z, Holg™"]) =vv ) e[u(h} — 4h1hs)) fol/vg ™' (h)),

hezd

where f3(hy, hs, hs) = exp(—2n(2h? + hZ + 2h2)).
Now let

(29)  O(z9) = v46(z,9) = v*/* T efu(hl — shihs)] fof/vg ™ ().
he2s

PROPOSITION 2.2:
(i) ©(yz,9) = J(v,2)0(z,g) for any v € To(4).
(i) ©(z,vgk) = ©(z,¢) for any v € SL3(Z) and

k€K={[ cosé sinﬂ],050<21r}‘

—sinf cosf
1 €1(n* o _ 1 €1 [n? o .
(iii) G(z,[o 1] [ 0 noi2 ) = 9(2, 0 1 0 i ), ie. ©
is even in €.
Proof: (i) This follows from Proposition 2.1 with «k = 1, see e.g. [N, D].
(ii) Let v € SLy(Z). Then

O(2,79) =v*/* 3 elu(h] ~ ahaha)lfol/og ™ (v H).

heZzd

Let z = 47h. Then h = 4z and h% — 4h1h3 = %hSh = % %Syz = z'Sz =
z% — 4z1z; since v € Q(S). Since z € Z* we can rewrite

O(z,79) = v*/* 3 elu(s] — 4ziza)lfst/og 7 (2)) = O(z,9). B
z€Z3

While ©(z,g) is not an eigenform of the Laplacian in either z or g, it does
satisfy the fundamental relation (see [Sh], [N])

3
(2.10) DyO(z,9) = 401/20(2,9) + Z@(z,g)
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where D, is the Casimir operator on SL;(R), appropriately normalized (see
[GGP], §1). This relation is responsible for Proposition 2.3 below.
A Maass—Hecke form ¢ can be viewed as being defined on G = SLy(R) and

K-invariant on the right where

K={[cos0 éina], 0S9<27I'}-

—sin# cosf

¢ in this setting is an eigenfunction of the Casimir operator D:

Dye(9) = (=5 — (2 )e(s).

PROPOSITION 2.3: Let ¢ € U, ¢ an even Maass—Hecke normalized cusp form,

and
(2.11) F(z) = / 0(9)8(2,9)dg
T'\G

(notice that if p is odd then F = 0 since O is even by Proposition 2.2 (iii)). Then
(i) F is an eigenfunction of Ay ;.
(ii)) FeV*.

Proof: (i) By integration by parts we have
1
(-3-@IFG) = [ Dyp@)0(ade= [ o(a)Ds0(0)dg
I'\G "G
3
= [ 408100+ [ ola)70(,0)dg
\G G
= 4A]/2F(Z) + ‘z'F(Z),
and hence
1
(2.12) Dy jpF(2) = (_Z —r})F(2).

Notice that the eigenvalues of ¢ and F are not equal but related.

(ii) First we show that F € V. The transformation formula follows from the
transformation formula for © (see Proposition 2.2 (i)). We check that F(z) is
cuspidal at the cusp at oo (the other cusps are dealt with by similar argument).
Since F is an eigenfunction of 4,3, it suffices to show that F(u + tv) is rapidly
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decreasing as v — 0o0. Now examination of the series (2.9) defining ©(z, g) shows
that

O(z,9) = v*/* f2(0)

is rapidly decreasing as v — oo (all terms in the series with h # 0 are rapidly
decreasing). Since ¢ is a cusp form we can infer the same after integration against

¢(g). Also
/ ¢(g)v*/* f2(0)dg = 0
T\G

since  is a Maass cusp form. Thus F(z) is rapidly decreasing at the cusp at oco.
Let

(2.13) Ma() = /0 l ( /r PO v 9)dg)e(—nu)du.

Clearly

(2.14) M= [ T Ahaelos.
I\G z3-4z z3=n

Thus

(2.15) M,(v)=0 ifn=23(mod4).

It follows as in the holomorphic case [Kol] that any Maass form from V whose
Fourier coefficients satisfy (2.15) is an eigenfunction of L with eigenvalue 1, thus
Fevt. i

3. Geometric calculation

We shall examine the behavior of
1
(3.1) M,(v)= / / 0(9)0(u + iv,g)dg e(—nu)du.
o Jr\G

We know from general facts that M,(v) is a Whittaker function in v—we need
it more precisely. We have seen in (2.15) that Ma(v) = 0 if n = 2,3 (mod 4).
Otherwise the solutions to zZ — 4zyz3 = n break up into h(r) orbits under the
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action of I'. Let z(;),...,Z(a(n)) denote representatives for these orbits and let

r,.B = sta.b:c( 5 inT. We have

G

M,(v) = /r \G Y. A fvg T 2)e(g)dg

z3~-4zy23=n

M)
(3.2) =vt )" / Y f/eT ) )e(e)dg
i=1 T\qur.m\r

h(n)

=v'3 / fs6/v9™ 25 )e(9)dg.
=1 7T\
We consider now two basically different cases: in the first n < 0 and in the second
n>0.

I
CAsE (i): n<0. Letz = [zz] be such that 23 — 42,23 = n and
I3

I=1Iz)= /G f4/59 ™ 2)p(9)d.

Then (3.2) becomes

h(n}
1 .
(33) (o) = Yl = 2 1@
j=11"%6

€Ay

G ~ SLy(R) acts transitively on the hyperboloid *zSz = n < 0, so we can find a
g1 € G such that

1
(3.4) gtz =‘/—|§-| [o] .

1
Thus
I= / f2/v(919) " 2)p(919)dg
G
e f |
_/Gfa( R [?Dlﬁ(g)dg
where

(3:5) ¥(9) = p(a19)-
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Now

vin| _,; 1 ) ( v|n| -1 1 )
3.6 3 —_— 0 = f3 — kz kl 0 .
(36) f(\/4y L] \/4(.«7) [1

Hence using the Cartan decomposition G = KAY K we have

_ oo inl (1_2 0 0 1 ' d—a
]S I L)

where §(a) = “2_2“_2 (see [L]).
Now from (3.5), ¥(g) is an eigenfunction of the Casimir operator with the same

eigenvalue A as ¢, hence

#0)= [ [ vagha)dbsdey
kJK
is a spherical function (see [L]). So by a standard Uniqueness Theorem
(3.7 ¥(9) = d(elwa(g)

where wy(e) = 1 and wy(g) is the standard spherical function with eigenvalue .
Clearly from (3.5)

(3.8) ¥(e) = ¥(e) = p(g1)-
Thus
(39) I= oo (/)
where

(3.10) Ya(t) = /1°° fs (t [a;:] )m( [‘5 agl] )6(«;)‘%".

If cz? + bry + ay® is an integral quadratic form of discriminant n corresponding

-

to the vector
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then it is easily verified that

1 b/2a (\E lyr72 0
: ()2

=

satisfies (3.4). Hence

(3.11) #(g1) = p(w)

where w = ( +in € ) is the Heegner point corresponding to the form az? — bzy +
cy? which is I'-equivalent to cz? 4+ bzy + ay?. Thus we have

(3.12) Ma(v) = v/*Yi "L"') Y Tol2).

€A,

For later comparison we need only determine the asymptotics as v — oo of

Y, (\/ J—l) In this way we can avoid evaluating the integral in (3.10). We have

Vi) = ff([ ])w,\([ %) s
e (s 8]y

had - 2 . o0 - 2 2
= / 8t cosh(2u) ), (u)sinh(u)du ~ e~8m O+ ydy ast - 00
0 ]
o0 —8nt?
P _ 3,2 e
=e 8t / e 167ty udu: R
0
Thus

(3.13) M,(v) ~

-1/4 .
;7"|"| e~ 2mvin| ( E <p(z)) as v — 0o.

2€An

Since we know M,(v) = p(n)W_y 4 ir(47|n|v), we have
(3.14) Mo (v) ~ p(n)e?"Inlv,—1/4

which is consistent with (3.13).
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CASE (ii): n> 0. Consider

I= / fsb/vg™ 25 )e(g)dg.

Tai\

This time we can find h € G such that

[0 ]
WGy = VR |,

(3.15) L0

' [ 0]

I= / fs (\/Tfy“ vn )w(hg)dy,
F,I. \G 0
G L J
where
=1

(3.16) P’éi) =h I‘,mh.

0

P’fj) is a discrete subgroup of the stabilizer of |\/n |, i.e. of {:i: [g agl] ,a > 0}.
0

There are two cases depending on whether l",(,.) is infinite cyclic or essentially
trivial: | (PN

square). In the first case we have

= {£1} (the first happens if n is not a square, the second if n is a

e 01"
(3.17) I‘,L_)={:b [0 6_1] lmEZ}.
If we write
1 €[22 o ]

3.18 = - k
then a fundamental domain for l",b_)\G is {—~oo < ¢ <o00,1<n<e%}. ThenI
becomes

e’ oo €/ 1/2 -1/27\ déd

I=/ / fa(\/ﬁ[ 1 })(p(h[n OE "—1/2]) €2n

1 —o0 0 n n

(3.19)

e’ o0 1/2 dd
= —2xun(2t3+1) n 0 1 ¢ tdn
—/1 ./.eoe So(h[ 0 n“"’HO 1)) .
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Let

(3.20) P(g) = p(hy).

1 is an eigenfunction of the Casimir operator and is right K-invariant. Also

(3.21) ¥( [3 591} 9) = ¥(s).

Let

(322) wo= [ [ 4 ([T 3] o#) e

Then
H([“ 0]gk)=H(g), a>0, kekK.

0 a!
11

Thus H is uniquely determined by its values on [0 1] in the decomposition
[o - ] [ ; '] k. It also satisfies a second order differential equation in ¢. So in
fact

(3.23) H(g) = H(e)Va(9) + Ux(9)

where Vi(g) is even in ¢t and U, is odd, and V} is normalized by Vi(e) =
(Ua(e) = 0). In fact being even in ¢, Vi(e) = 1 uniquely determines V)(g). We
note that e~27vn(2£*+1) i5 even in ¢ and hence

(3.24) I=H(e) /_ Z e'"""(“z“)V,\( [(1) ;] )dt
and
(3.25) H#e) = [ ,,¢(h [":,’2 ,,.01/2] )2

From (3.15) it is easy to see that the last is

(3.26) /C ; pds

where C; is the geodesic cycle in T'\$ corresponding to the form z1 2% +z22y+23y?
and ds is the hyperbolic arc lengh. Thus in this case we have from (3.2) and (3.24)

h(n)

(3.27) 1\/.!,.(';)..113/4 E / (,ods)- /_:e-’*""ﬂ"w‘”v,\([[l) ;])dt.

y=1
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Again we investigate the asymptotics as v — oo.
e o) 2 o0 2
/ e—21run(2t +1)VA(t)dt = e—me/ e-—41runt V,\(t)dt
—00 —o0

[}
~ e"z’""‘/ e ™4t as vy o 0o (since VaA(0) =1)

e—'.’mm
= .
2 /mTon
Hence
pl/4e—2mvn h(n)
Mn('v) ~ TJ_T(ZLJ Sods)
(3.28) e =1
v e" xvn /
= ——— z pds).
2v/n (ceA.. ¢ )

Again this is consistent with the asymptotics of
W1 Jasga(n),ir(47|n|v) ~ e_z’""’(41mv)1/4.

In the case that I';;, = {1} (i.e. n is a square) (3.28) still holds and is derived

in the same way except that C; is now a complete geodesic in $.

4. Niwa’s Lemma in the non-holomorphic case

PROPOSITION 4.1: Let z = u+w, w = £ +ip € H; F(z) € V be invariant
under L and be a common eigenfunction of T2, p # 2, and Ay, with Fourier
coefficients p(n), and P(w) = Jr i\ F(2)0(z,w) 444", where ©(z,w) is the
Siegel’s ©-function introduced in (2.9). Then

() $(w)eU.

(ii) It is a common eigenfunction of T,, and A,.

(iii) If p(1) = 0, then 9 = 0. If p(1) # 0, then
¥ =3v2rip(1)p

where ¢ € U is the unique normalized Maass form with Fourier expan-
sion 2377, a(n)Wp 2ir(47ny) cos(2nnz) having the same eigenvalues as
whose Fourier coeflicients a(n) are defined from the following equation:

C(s+1) Z p.q(—l/)z =p(1) E a(n)n™’.

n=1 n=1
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Proof: By Proposition 2.2(ii), ¥(w) = ¥(—1). We calculate the Mellin trans-
form of ¢:

o = [ w2 = [ sl

x©
——dud
=/ (/ VA F(2)6(z, m‘l)du v) dr;-
0 To(4)\6 K

Notice that 8(z,in) can be represented as a product of two 8-functions:

0(z,im) = E e A (\/_(;l zz,nza))exp(%riu(z% —4z,23))

€23

= ( Z exp(2mi(u + iv)z3)

z9€Z

4drvz?
. ( Z Y exp( 8wiuz,z3 — 4:7rm72 2 _ 1rv2 1))
z1,23€Z K

= 61(2)82(2,9),

where 01(2) = ¥, ez exp(2mi(u + iv)zd) = 3 o, exp(2m'zz2) is the usual 8-

function and 62(2,7;) = Zzl,zaez” exp( 8.“111213:3 - 4,".97’ 4ﬂvzl ))
We use partial Poisson summation to obtain the following equalxty

1 4
92(:,17):5 Z exp(—#lxlz+%3-|2).

%3 ,zaﬁz

For, let Q(z,73) = 8iuz;z; + 4vnlzd + 4—"";1. Then

83(z,m) = v'/? 2 exp(—7Q(z1,23)) = v'/? Z f(z1,33),

Zl,taez z;,zan

where
e o]

f(zl,za) = / exp(—~7Q(z1,t) — 2mitzs)dt.

=00

We have (2/vnt + 3"7’;%1)2 = 4un*t? 4 Biuzyt — 4—:;—:-1, hence

2iuzy 4|2|222

f(z1,23) = ‘/;m exp( — 7((2V/vnt + 7o »+ - ) — 2mitzs)dt

dr|z|22¥, [ ity Ty Zuxlza
=exp(——-v—2~—1-)/ exp(—7r(t3+
1 -0

N )) 2\/' v
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where ¢; = 2\/unt + 27""7:—’,1 We obtain then

4n(|z|222 + (u/2)z123)\ 1 /°° exp(—n(f? + itzs )it.

f(:tl,l's):exP(_ on? )2\/;17 - \/T

We have (t + ﬁﬂ;)z =t + \'7'5# ~ 4:; , hence

4n(|2|?=2 + (u/2)a:1:cs))
vn?

' 2;1717 /_:exP( -t

f(xl,zs) =exp( -

oyt

2\/'17

4vn2

4m(|2|?22 + (u/2)z125 + (23/16
s exp( - (2121 +( /)21 3 + (za/ )))
n vy
1 4n T3 2
_meXP(_WhIZ-I-TI )

Thus

82(z,m) =V/v E f(zl,zti)'-"' Z exp(—sr;r—zhlz-i-%lz)-

1,23€Z z1,23€Z

Now we can rewrite

L .d *® —————dudv\ ,dy
Qs) = / p(in)y* =L = / ( / v/4F(2)6(z, in~D ),7 al
0 n 0 To(4)\9 n
=5 [, R
0 To(4)\H
(sz,zaez - |z1 TI ) v2 ) *

where we used that (F,6) = 0. (In fact,  is unique non-cuspidal eigenform of
A]/g.) Let

_ 2y/my z3

=/ |z12z + 2

Then
___nh
"= oz + 22v7
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and we have

Q(s) = %( /o we-f’r'“dr—f)(m)-‘-?-‘( /P o VAR()(E))

1

Z ( v )'—':E dudv
z,,r3€Z |a:1z + £4a_|2 v?

1_/s+1 _ads —_—
= (5)un By | P FERE)

!

Z ( v )"? dudv
1,23€Z \|z12 + Z2|2 v?

APPE AR
)4 (f o, FRE)

!

v 4 dudv
' En,zaez (l4x1z + .‘E3|2) v2

= (S)e R RERE)

Z' ( v ) ._-;_1 dudv
z1,23€2 \ |4z12 + 3/ v?

There are 3 non-holomorphic Eisenstein series on I'g(4) associated to each of
3 cusps of T'9(4)\$: {0}, {0} and {3}; we denote them Eco(z,s), Eo(z,s) and

E 3 (z, 8), respectively. The fractional linear transformations

_[o -1 _[r -3
ol A N P
act on the set of cusps as follows: 72{0} = {00}, 72{00} = {0}, 2{}} = {1},

13{0} = {00}, T3{00} = {%}, 1'3{%} = {0}, and we have Ey(z,3) = Eoo(75 '2,3),
and Ey(z,s) = Eoo(152, ), where

- ;lir(3+

Eoo(z,8) = Z Im(02)*.

o€l \To(4)

Let !
B(z,s) = Z,l zs€Z (|4xlz + $3|2)

Since B(z, s) is invariant under I'g(4) we have

B(z,3) = Ao Boo(2,3) + Mo Eo(2,8) + Ay Ey(z,3).
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Let z — {0}, i.e. z=1v, and v = oco. Then

B(z,s) = Zi v

—_————— e A s
z1,23€Z ((41:11))2 + .‘t%)" 2v 4(28).

Since Eoo(2,8) ~ v* as z — {00} and Ex(2,8) — 0 as z approaches the cusps
{0} and {}}, we have A

2¢(2s). Now we make change of variables z = rw,
and let w = in, n — co. Then asymptotically we have

' Im(Tz‘UJ)'
B(raw, s) =
(TZU) 3) Zzl,ZQEZ |4$1(—%/2w +$3|2’
-5 n’ R
= Z-‘BI,ZaEZ |2zl - 2x3'U)|2‘ 277 2 C(23).
Since Ey(z,s) = Eoo('r—l

z,8) ~ (Imw)® = n® as n — oo, we obtain Ay =
2¢(2s)2~%. Similarly, we obtain asymptotically that B(

and hence Ay = 2((2s)27%.

We can rewrite (s) then as a sum of 3 terms

;lw’s) ~ 277’2_2'C(23)’

0(s) = 2'n~ F TN+ (T + h+ )

where

L= / VAR ()10 Boo (2, 1) B
To(4)\% 2

L =271 / v/4F(2)6,(2)Eo (2, —— 2 + 1 )—— dudy
To(4)\H

and
v’

2’

e +1 dudv
L=2"* / WARBGIE, (- 2 ) e
To(4)\H i ) v?

First we prove that I + I3 = %Iz. We have

L= / 1/‘F(z)01(z)E°°(z,s+1)dujv (F, 6-E.),
To(\ v

2&4‘11‘2 = / 1/4F(z)01(z)Eo(z’ S + 1 )du;iv
To(4)\% v
—(F,6- Ey)

= (roF, 8- Ep) = (F, 720(0 - Ey)),

P = / P (BB (5 22 1) dudy
To(4)\H v
= (F’ 6- E-})

= (r20F,0- E%) = (F,m30(0 E}))
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Hence I; + Iy = (F, 27*"Y(120(8 - Eg) + 120(8 - E% ).

We have
(o8- B)e) =72} y%a(””)&(””,s;l))
=n(3 T SR 70))
We have

9(#) = (%)1/491(z : 7y = ( 2V 4(04(2) + €1205(2))
\/‘(O(Z) + e"w/201/2(2))

where the notations are as in §2.

Using the transformation formulae (2.4) and (2.5) we obtain

(r20(8 - Eo))(2)
=} T 06) + ™0 Eu(n(S52),

vmod4

+1

== E ((na)(z)+e'""ﬂ(nem)(z))Ew(r,(”": ”),%)

vmod4

=7 T oM (42) + (42)) + 601 (42) - 82(42))
ymod4
w0, )

=— E 1/4((1+emv/2)01(4z)+(1 mv/2)92(4z))
vmod4
. Eoo(1_2(1'2z i V), st 1).

4 2

Similarly,

(r20(6 - Ey))(2) =% Y oMYA+ ™00 (42) + (1 - €7/%)85(42))
vmod 4
(‘rgz + u), s+ 1).

+Boo(r7 (5 2
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Let
v 7'2+V 3+1 2z 3+1
B = Buo(m(221), 211 - “(m"‘z—)
— ( v )1#
(riay=r Mz 22+ (22 3)zsl?
e
= 2'H! v
(4::1,2;;;):1 (|4(4$1 - V$3)z + $3|2)
and
(v) _ _1ymztv, s+1, 95 sr1
E% —Eoo('rs ( 4 )’ 2 )"' °°((_2V+4)z+%1 ) )

s+1 2 ‘_t_l-
=2ty (|4(4:n - (v =2)z3)z +”3|2)

(4z1,z3)=1)

Notice that Ef;) = Eé”_z), and Y, nods Eoy) = Eoo(z, 81). We rewrite

2_’—1(T20(0 . Eo) + Tzd(a . E%))

— % E v1/4((1 + e‘""/2)01(4z) +(1- ei""/2)92(4z))E((,y)

vmod 4

+((1 = &™), (42) + (1 + €™/ )92(42))E(;>

1 v
=3 2; v1/42(6,(42) + 6,(42))E"”
vmod 4
1 v 1 s+1
= 56(2) 3 E§)=§9(z)Ew(z, 5—):
vmod 4

Thus I + I3 = %Il, and we have established the following relation:

s+1
2

s+1
2

Qs) = 222~ F (=) (s+ V(L + L+ Ix)

=2 B+ 1IE

Now we compute

I = / F(2)8,(2) Z Im(02) + du;lv
To(4)\H o€l \T'o(4) ?
- / ull"F(z)mv!# dudv.
Fo\H

v?

219
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Since F(z) is an eigenfunction of A,/; with the eigenvalue —% — r? we can use

the Fourier expansion (0.10) to obtain

2’1‘(3’;1)5
- 7r'+2a+1r s+ 1)/ E”(" YWi/4,ir(47n%v)exp(—27n v)) %iv'i

n=1

spipgS+1 p(n?) 1dv
2o N(—— )(,,2:1 =y / W1 4,ir(47v)exp(— 2rv)wi~ gt

Using a table integral ((GR] p. 860) we obtain

2,P(.s+1)

-l e s+1 —(4-1 F(%+l+"‘)r(%+ 1.7’) p(n’
7 2° F(T)(47r) $-9) 4 I'\(a_-l-_l) 4 (Z a—1/2

_aft —(¢—L)ymy8 1 . s 1 p(n?)
T 2v2r :)I‘(§+Z+zr)1"(-2-+z Z (n”

ne—1/2

_3—1/42\/_]:\( + + )I‘( + Zp(n

s—1/2
n=1

4l ~ir) (i :a(flz/l)’

n=1

= 2V Ar (S 4 ¢ 4 in)D (5 +

and hence
o —2fio 841

Qs) =2'n F(

(s + 131,

=2 1/4 —a—l/2 d l .
2\/§7r 2n F(2+4+zr)

.]_"(.% + i— —ir)C(s + 1)(2 :,(?12/)2)

n=1

Thus we have established the following formula:

(4.1) Q(s) = 3v2rk (x7120(2 +4+ ir)T (%‘*‘%—-ir) 3
where
(4.2) b(k)= Y p(m?n~'m!/?

nm=k
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The expression in (4.1) is recognized (see Proposition 1.3) to be the Mellin
transform of an even Maass cusp form of weight 0 with Fourier expansion
6v2rt Y20 | b(n)Wo air(47ny) cos(2mnz), so 9 € U, i.e. part (i) is proved, and
1 is an eigenfunction of Ao with eigenvalue —} — (2r)?. We now use (4.2) to
show that 1 is an eigenform of T}, for p # 2. Once this is established, parts (ii)
and (iii) follow from Proposition 1.2 together with (4.1).

To do so we need to show that a function with Fourier expansion ¥; =
2 o0 b(n)Wo 2ir(4nny) cos(2nnz) is a common eigenfunction of all Hecke
operators T}, providing F(z) is a common eigenfunction of all Hecke operators Ty
for p # 2. Let p # 2. Denoting the corresponding eigenvalues by u(p) and using

(1.3), we have the following relation between the Fourier coefficients of F(z):
_ 2y, -1/2( -1 (7
(43) #(p)p(n) = pp(np®) + p (p)p(n) +p p(p2 ),

and we want to show that the following relation holds for the Fourier coeflicients

a(k) of 1:
] = p!/2}( ~1/2(k )
(44) Hp)b(k) = P/ *8(kp) + 7775 ()
First, let (k,p) = 1. Then from (4.3) we get

p(p*n) = p~ u(p)p(n) — p~*/* (%) p(n) — p‘zp(l%),

and hence
Wkp)= Y p(m*)n~'m!/?
nm=kp
— Z p(mzpz)n'lm’/zpln-}- Z p(mZ)n—lp-—lmI/Z
n(mp)=kp (np)m=kp
= Y p(m*)p7?u(p) — p~ 4 p7 InTIm 2 = p7 2 p(p)b(k),
nm=k

and since in this case b( f) = 0 we obtain the required identity (4.4). Now let
e # 0 be the maximal power such that p¢|k. Then

Wky= > ) p(m*p¥)nTlpmtimt A,

nm=2 j=0
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Let Aj = p(m?p*’). From (4.3) we have
2n) = p~1 32" o2 (T
p(p°n) = p~ u(p)o(n) — p (p)p(n) p p(pz),
and hence we have

Ap = p(m?p?) = p~ p(p)p(m?) — p~*?p(m?) = p~  (u(p) — p~/*)p(m?).

Notice that for j > 2,
m2pti=?

p

)=0,
and hence
Aj = p(m?p¥) = p(p*m?p¥ %) = p7 u(p)p(m*p* %) — p~ p(m?p? ),
i.e. we have the following recurrence formula:
Aj = p 7 (W(p)Aj-1 ~ p 7 Aj2).
It is easily proved by induction that
Aj = p~I Pi(p(p)) Ao = p™ Pi(u(p))p(m?),
and P; are polynomials in u(p) with coefficients depending on p~!:
(4.5) Py=1, P(z)=z-p', Pz)=z*-2zp™' -1, ...
satisfying the following recurrence formula:
(4.6) Pj+1(z) + Pj-1(z) = zPj(z).

We can rewrite b(k) as follows:

kY= > > pTIP(u(p)p(m)n p e im! pilt

mn=;‘; Jj=0

=( Y, pmHn~'m!)p= " Pi(u(p)p'/?

nm=;‘.- j=0

= b(::)p“ i Pi(u(p)p’".

=0
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Similarly,

p~t! ez-: Pi(u(p))r’"?,

=0
e+1

Pty Pi(u(p)p

J=0

U= =

e

P D H(R)Pi(u(p))p"?
P~ (2 @i )p"” + uo)Po(u(r)).

=1

| =

#(p)b(k) = b

(4

3

@.7)

=

e+1 k

P Y Pilu(@)p " = b

=0

| &

)p‘° > Paa(u(p))p”?

t=—1

p'/?b(kp) = b(

P

3

S’ N S N N SN SN

e

p"(z Pia(u(p))P? + Po(u(p))p~"/* + Py(u(p)))-

=1

e—1 e
P70 ) Pilu(p)pitI? = b({%)p" > Pia(u(p))p.
j=0 =1

il
o

It
o
~—~~ o~~~ —~~ o~~~ —

(4.8)

'Bl?,.

o~

| o

(4.9)p_1/2b(f—)) = b(

(3

3

We want to check that the expression (4.7) is equal to the sum of the expres-
sions (4.8) and (4.9). By the formula (4.6) for j = 1,...,e, u(p)P;(p(p)) =
Pj11(p(p)) + Pj—1(u(p)), hence the sums in the corresponding expressions are
equal. Also Py(u(p))p~1/%+Py(u(p)) = u(p)Po(u(p)) by (4.5), and this completes
the proof of the formula (4.4) for p # 2. Thus we proved that 3 is a common
eigenfunction of T, p # 2, and A,.

As follows from the Strong Multiplicity 1 Theorem for SL;(Z) (Proposition
1.2), 4 is also an eigenfunction of T3; if p(1) = 0, =0, if p(1) # 0 it is a

multiple of a normalized Maass cusp form with Fourier expansion

2 Z a(n)Wp 2ir(4nny) cos(2nnz)

n=1
whose Fourier coefficients are defined from the following equation:
oo 2 o
pn —s
o+ 28 = )Y amn.
n=1 n=1

With this the proof of Proposition 4.1 is complete. |
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5. Proof of the Theorem

Let ¢ € U, ¢ an even Maass~Hecke normalized cusp form, and
(51) F&) = [ o009
r'\G

(notice that if ¢ is odd then F' = 0 since © is even by Proposition 2.2 (iii)). Then
by Proposition 2.3, F € V*, and it is an eigenfunction of Ay .

Now let {F;}, j =1,2,... be an orthonormal basis for V* consisting of eigen-
functions of T,: and £/, and also of L = 70 with eigenvalue 1. We may

expand
(5:2) F(z) =Y _(F, F)rowF;(2).
=1

Of course, since F has a fixed eigenvalue for A,/;, the sum in (5.2) is, in fact,

finite. Now

——dudv
EE)= [ FORE
———dudv
(5.3) = /r (s ( /r \Gsa(g)e(z,y)dy)Fj(Z) ~

= /r . <p(y)( /r o Fj(l)md:fv)dg-

According to Proposition 4.1 the inner integral gives

(54) 3v2r4p;(1)y;(9)
where 9;(g) is a Hecke normalized Maass cusp form in U. Thus

(F, F3) = 3v2r' p;(T)(p, $3)r
(55) {3~/iw‘/*m<so,¢> if Shim(F}) = ¢,
0

= otherwise,

i.e. we have

(5.6) Fiz)= Y. 3V2r'p;(1)(p,¢)Fi(2).

Shim(Fj)=¢
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Now compare the nth Fourier coefficient on both sides. We get

[ ([, e 1)

= 3\/5”1/4(% ®) Z Pi(1)pi(n)W1/4sgn(n),ir(47|n|v).
Shim(F;)=¢

(5.7

Let v —» oo. By geometric calculation (3.13), the left hand side of (5.7) is

asymptotic to
o-1/4

8xin|

e~ 2mvinl ( E '(p(z)), ifn<0.

ZeAn
The right hand side is asymptotic to

W e o) (Y PiDesm)) (dminjv) /42 rine,
Shim(F;)=¢

Hence for n < 0 we get

1 - —_—
S (a) = 3B AP ARSI S 5 Tp(n)

(p.¢) 2€A, Shim(Fj)=¢
=14t Y pi(D)es(n).
Shim(i}-)=¢

Similarly, for n > 0, as v — 00, by geometric calculation (3.28) the left hand side
of (5.7) is asymptotic to

1/4 ,~2xvn
S (5 )

while the right hand side of (5.7) is asymptotic to

3\/§7r1/4 ((P’¢)( Z mp,’(n)) (41mv)1/4e'2""".
Shim(Fj)=¢p

Hence for n > 0 we get

1 —_—
) Z /Cgod.s=3\/§1rl/4113/41r1/423/2 E pi(1)pj(n)

e, CEeA, Shim(Fj)=¢

=120"20% N pi(D)ps(n). W
Shim(F;)=¢
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